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Abstract
We show that the geometric deformation of shearing yields an improved decay rate
for the heat semigroup associated with the Dirichlet Laplacian in an unbounded strip.
The proof is based on the Hardy inequality due to the shearing established in [2] and the
method of self-similar variables and weighted Sobolev spaces for the heat equation.
Keywords: Dirichlet Laplacian, Hardy inequality, Subcriticality, Heat equation, Large-time
behaviour of solutions, Sheared strip
1 Introduction
This paper is motivated by the following general conjecture of Krejcˇiˇr´ık and Zuazua:
Conjecture 1 ([19], Krejcˇiˇr´ık and Zuazua). Let Ω be an open connected subset of Rd. Let H0
and H+ be two self-adjoint operators in L
2(Ω) such that inf σ(H0) = inf σ(H+) = 0. Assume
that there is a positive function ρ : Ω → R such that H+ ≥ ρ, while H0 − V is a negative
operator for any non-negative non-trivial V ∈ C∞0 (Ω). Then there exists a positive function
K : Ω→ R such that
lim
t→∞
‖e−tH+‖L2(Ω,K)→L2(Ω)
‖e−tH0‖L2(Ω,K)→L2(Ω)
= 0.
In the same paper [19] the conjecture was proved for a special geometry by showing that
a twist of a three-dimensional tube of uniform cross-section yields an improved decay rate
for the heat semigroup associated with the Dirichlet Laplacian in the tube with respect to
the straight tube. The pioneering work [19] was followed by a series of papers establishing
the validity of the conjecture in various geometric settings [20], [12], [16] as well as magnetic
environments [14], [4]. An alternative version of the conjecture involving point-wise improved
decay rate for heat kernels was stated in [8] by Fraas, Krejcˇiˇr´ık and Pinchover. The point-
wise improvement for twisted tubes was then established by Grillo, Kovarˇ´ık and Pinchover in
[10]. In summary, it is expected that the existence of a Hardy inequality for elliptic operators
always implies a better decay rate for the generated heat semigroup.
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Figure 1: The geometry of a sheared strip: a straight strip (left) and a non-trivially sheared
strip (right).
It has been shown recently in [2] that a Hardy inequality holds for the Dirichlet Laplacian
in repulsively sheared unbounded strips. In this paper we use this newly established functional
inequality and show that Conjecture 1 holds in the case of a locally sheared strip.
The model of [2] is characterised by a positive number d, which determines the width of
the strip, and a continuous function f : R→ R, which determines the boundary profile of the
strip. The sheared strip Ωf ⊂ R2 is defined as
Ωf := {(x, z) ∈ R2 | f(x) < z < f(x) + d}.
So the strip is built by translating a segment oriented in a constant direction along an
unbounded curve in the plane. We see that the boundary of Ωf is formed by the curves
x 7→ (x, f(x)) and x 7→ (x, f(x) + d), see Figure 1. Throughout the paper we assume that
f ∈ C0,1(R) and f ′ has a compact support.
We consider the heat equation in the sheared strip Ωf
ut −∆u = 0, (1)
subject to Dirichlet boundary conditions on ∂Ωf and to the initial condition
u(·, 0) = u0 ∈ L2(Ωf ). (2)
Our goal is to show that the solutions of (1) converge to the stable equilibrium faster in any
non-trivially sheared strip (i.e. f ′ 6= 0) than in the straight one (corresponding to f ′ = 0
identically). The solution to (1)–(2) is given by
u(t) = et∆u0,
where et∆ is the semigroup operator on L2(Ωf ) associated with the Dirichlet Laplacian −∆
(cf. [5], Theorem 5.2.1). Under our assumptions, it follows from the results established in [2]
that σ(−∆) = [E1,∞), where E1 :=
(
pi
d
)2
is the first eigenvalue of Dirichlet Laplacian on
(0, d). Consequently, we have for all t ≥ 0
‖et∆‖L2(Ωf )→L2(Ωf ) = e−E1t.
Thus we have the exponential decay rate
‖u(t)‖L2(Ωf ) ≤ e−E1t‖u0‖L2(Ωf ),
2
for each t ≥ 0 and any initial datum u0 ∈ L2(Ωf ). Since we are interested in additional time
decay properties of the heat semigroup it is natural to consider the shifted semigroup
S(t) := et(∆+E1),
as an operator from a subspace of L2(Ωf ) to L
2(Ωf ). In this paper we consider the subspace
of initial data given by the weighted space
L2(Ωf ,K), where K(x) := e
x2/4. (3)
As a measure of the additional decay, we consider the polynomial decay rate
Γ(Ωf ) := sup{Γ | ∃ CΓ > 0, ∀t ≥ 0, ‖S(t)‖L2(Ωf ,K)→L2(Ωf ) ≤ CΓ(1 + t)−Γ}.
The main result in this paper reads as follows:
Theorem 1. Let f ∈ C0,1(R) and f ′ has compact support. We have
Γ(Ωf )
{
= 1/4 if f ′ = 0 (straight strip),
≥ 3/4 if f ′ 6= 0 (sheared strip). (4)
Theorem 1 can be reformulated as follows. For every Γ < Γ(Ωf ) there exists CΓ > 0 such
that
‖u‖L2(Ωf ) ≤ CΓ(1 + t)−Γe−E1t‖u0‖L2(Ωf ,K), (5)
for each t ≥ 0 and any initial datum u0 ∈ L2(Ωf ,K).
The decay rate 1/4 for straight strips was already proved for example in [20, Proposition 1].
It is the at least three times better improvement for sheared strips which is new here. The
proof of Theorem 1 is based on the method of self-similar solutions developed in the whole
Euclidean space by Escobedo and Kavian [7] and used to prove Conjecture 1 in many special
cases (cf. [19], [20], [14], [12], [16] and [4] ). Using the self-similar transformation we refor-
mulate (1) in the weighted space (3) and show that the associated generator has a compact
resolvent. Finally we look at the asymptotic behaviour of (1) as the self-similar time tends
to infinity. The crucial ingredient in the proof is the existence of a Hardy inequality due to
[2] for the Dirichlet Laplacian in our setting.
The organisation of this paper is as follows. In the following Section 2 we give a precise
definition of the Dirichlet Laplacian in the sheared strip and transform it into the straight strip
via curvilinear coordinates. Furthermore, we state the Hardy inequality for locally sheared
strip. The main body of the paper is represented by Section 3 where we develop the method
of self-similar solutions to get the improved decay rate of Theorem 1. Moreover, we establish
an alternative result in Theorem 5. The paper is concluded in Section 4 by commenting on
physical motivations and mentioning some open problems.
2 Preliminaries
We consider the Dirichlet Laplacian −∆ which is introduced standardly as the self-adjoint
operator in the Hilbert space L2(Ωf ) associated with the quadratic form
QΩfD [u] :=
∫
Ωf
|∇u|2, D(QΩfD ) := H10 (Ωf ),
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using the fact that Ωf is an open set, which will be seen in this section beneath. We would
like to express the Dirichlet Laplacian in the sheared geometry Ωf in natural curvilinear
coordinates. By denoting Ω := R × (0, d) we identify Ωf with L(Ω), where L : R2 → R2 is
the shear mapping defined by
L(x, z) := (x, f(x) + z). (6)
The corresponding metric has form
g := ∇L · (∇L)T =
(
1 + f ′2 f ′
f ′ 1
)
,
where · denotes the matrix product. It is easy to see that det(g) = 1. Due to the assumption
f ∈ C0,1(R), the shear mapping L : Ω → Ωf is a local diffeomorphism (cf. [2, Page 5]).
Because of the injectivity of L it is a global diffeomorphism. Therefore, Ωf is an open set. So
we can identify Ωf with the Riemann manifold (Ω, g).
Next, we can define the unitary transformation
U : L2(Ωf )→ L2(Ω) : {u 7→ u ◦ L}.
Thus the Dirichlet Laplacian −∆ is unitary equivalent and therefore isospectral to the oper-
ator
H := U (−∆)U−1
in the Hilbert space L2(Ω). This operator is associated with the quadratic form
QH [v] := QΩfD [U−1v], D(QH) := U D(Q
Ωf
D ).
Finally, we overtake from [2] the following proposition and state the Hardy-type inequality
for the sheared strip in our setting :
Proposition 1 ([2], Proposition 1). Let u ∈ C∞0 (Ωf ), a core of QΩfD . Then v := u ◦ L is
compactly supported, v ∈ H10 (Ω) and
QH [v] = ‖∂xv − f ′∂zv‖2L2(Ω) + ‖∂zv‖2L2(Ω),
where f ′ represents the function f ′ ⊗ 1 on R × (0, d). Furthermore, C∞0 (Ω) is a core of QH
and for f ′ ∈ L∞(R) we have D(QH) = H10 (Ω).
In a distributional sense we have
H = −(∂x − f ′∂z)2 − ∂2z . (7)
Theorem 2 ([2], Theorem 4). Let f ∈ C0,1(R) and has compact support. If f ′ 6= 0, then
there exists a positive constant cH such that the inequality
−∆− E1 ≥ cH
1 + x2
(8)
holds in the sense of quadratic forms in L2(Ωf ).
Denoting ρ(x) := 1√
1+x2
, the Hardy inequality (8) means
‖∇ψ‖2L2(Ωf ) − E1‖ψ‖2L2(Ωf ) ≥ cH‖ρψ‖2L2(Ωf ), (9)
for all ψ ∈ H10 (Ωf ).
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3 Self-similarity transformation
Recalling (7) the shifted heat equation in the curvilinear coordinates has form
ut +Hu− E1u = 0 in Ω× (0,∞), (10)
subject to the Dirichlet boundary condition on ∂Ω and to the initial condition u(0) = u0 ∈
L2(Ω). The weak formulation has form
〈v, u˙(t)〉+ ((∂x − f ′(x)∂z)v, (∂x − f ′(x)∂z)u(t))L2(Ω)
+ (∂zv, ∂zu(t))L2(Ω) − E1(v, u(t))L2(Ω) = 0,
(11)
for every v ∈ H10 (Ω) and a.e. t ∈ [0,∞), with u(0) = u0 ∈ L2(Ω), where 〈·, ·〉 denotes the
pairing of H10 (Ω) and H
−1(Ω). We know that the solution u belongs to C0([0,∞), L2(Ω)) by
the semigroup theory (cf. [22, Corollary 2.3]).
3.1 Change of variables
We perform the so called self-similarity transformation, developed in the whole Euclidean
space by Escobedo and Kavian [7]. This approach was also used in the papers [19], [20], [14],
[12], [16] and [4]. Following [19] we perform the self-similarity transformation in the first
space variable only:
w(y, z, s) = ss/4u(ss/2y, z, es − 1), (12)
y = xe−s/2, (13)
s = ln(1 + t). (14)
Consequently, in our case the self-similar transformation is a unitary transformation U on
L2(Ω) which maps every solution u ∈ L2loc
(
(0,∞),dt;L2(Ω,dxdz)) to a solution w := Uu in
a new s-time weighted space L2loc
(
(0,∞), esds;L2(Ω,dydz)) . It is easy to check that, in the
new variables, the evolution (10) is described by
∂sw − 1
2
y∂yw − (∂y − σs∂z)2w − es∂2zw − E1esw −
1
4
w = 0, (15)
where σs(y) := e
s/2f ′(es/2y) and (y, z) play the role of space variables and s plays the role of
a new time. More precisely the weak formulation (11) is transferred into〈
v, w˙(s)− 1
2
y∂yw(s)
〉
+Qs(v, w(s))− E1es(v, w(s))L2(Ω) = 0, (16)
for every v ∈ H10 (Ω) and a.e. s ∈ [0,∞), with w(0) = w0 := Uu0 = u0, where the sesquilinear
form Qs(·, ·) is associated with
Qs[w] := ‖∂yw − σs∂zw‖2L2(Ω) + es‖∂zw‖2L2(Ω) −
1
4
‖w‖2L2(Ω), (17)
for every w ∈ D(Qs) := H10 (Ω).
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3.2 The evolution in the natural weighted space
Since the unitary transformation U on L2(Ω) preserves the space norm of solutions (11) and
(16), we can analyze the asymptotic time behaviour in the new variables. However, the natural
space for studying the evolution described by (16) is the weighted space L2(Ω, ey
2/4dydz)
instead of L2(Ω).
Definition 1. For k ∈ Z we define the weighted space
Hk := L2(Ω,Kk(y)dydz), (18)
where K(y) = ey
2/4. In the similar way we define the weighted Sobolev space
H1k := H10 (Ω,Kk(y)dydz), (19)
as a closure of C∞0 (Ω) with respect to the norm (‖ ·‖2Hk +‖∇·‖2Hk)1/2. Finally, we define H−1k
as a dual space of H1k.
As a next step, we want to reconsider the evolution (15) as a problem posed in the weighted
space H1 instead of H0 = L2(Ω). We start with a formal calculation. In the equation (16)
we choose v˜(y, z) = ey
2/4v(y, z) as a test function, where v ∈ C∞0 (Ω) is arbitrary. The
sesquilinear form Qs(v˜, w(s)) reads
Qs(v˜, w(s)) = (∂yv − σs∂zv, ∂yw(s)− σs∂zw(s))H1 +
(
1
2
yv, ∂yw(s)− σs∂zw(s)
)
H1
(20)
+ es(∂zv, ∂zw(s))H1 −
1
4
(v, w(s))H1 , (21)
which means that the weak formulation of evolution (16) in the weighted space H1 has the
form
〈v, w˙(s)〉+ as(v, w(s)) = 0, (22)
where 〈·, ·〉 denotes the pairing of H11 and H−11 and
as(v, w) = (∂yv − σs∂zv, ∂yw − σs∂zw)H1 −
1
2
(yv, σs∂zw)H1
+ es(∂zv, ∂zw)H1 − E1es(v, w)H1 −
1
4
(v, w)H1 .
We see that the form as is not symmetric. Next, we show that the problem (22) is well posed
in H1 and also the solution solves the transformed original problem (16):
Proposition 2. Let w0 ∈ H1 be an arbitrary function. Then there exists an unique function
w such that:
1. w ∈ L2loc
(
(0,∞);H11
) ∩ C0([0,∞),H1),
2. w˙ ∈ L2loc
(
(0,∞);H−11
)
,
3. w satisfies 〈v, w˙(s)〉+ as(v, w(s)) = 0 for all v ∈ H11 and a.e. s ∈ [0,∞),
4. w(0) = w0.
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In the proof we use the following theorem:
Theorem 3 ([21], Chapter 3, Theorem 4.1). Let H be a Hilbert space with the scalar product
(·, ·)H and the norm ‖ · ‖H, where the dual space H∗ is identified with H. Let V be a separable
Hilbert space with the norm ‖ · ‖V and let V ⊂ H with dense and continuous injection, thus
V ⊂ H ⊂ V∗. We have a continuous sesquilinear form at(u, v) : V ×V → C for a.e. t ∈ [0, T ],
where T > 0 is fixed, which satisfies the following properties:
1. ∀u, v ∈ V, the function t 7→ at(u, v) is measurable,
2. |at(u, v)| ≤ C‖u‖V‖v‖V for a.e. t ∈ [0, T ] and ∀u, v ∈ V,
3. R{at(u, u)} ≥ c1‖u‖2V − c2‖u‖2H for a.e. t ∈ [0, T ] and ∀u ∈ V,
where C, c1, c2 are constants and c1 > 0. Then for given f ∈ L2((0, T );V∗) and u0 ∈ H there
exists a unique function u satisfying
1. u ∈ L2((0, T );V) ∩ C([0, T ];H),
2. u˙ ∈ L2((0, T );V∗),
3. 〈v, u˙(t)〉+ at(v, u(t)) = 〈v, f(t)〉 for a.e. t ∈ (0, T ), and ∀v ∈ V,
4. u(0) = u0.
Proof of Proposition 2. The proof is inspired by the proof of Proposition 5.1 from the paper
[19]. First, we show that the sesquilinear form as is well defined with the domain D(as) := H11
for any fixed s ∈ [0,∞) and thus it is continuous. Using the fact that σs is bounded for every
finite s we only have to show that for every v ∈ H11 we have yv ∈ H1. For v ∈ C∞0 (Ω) we
obtain
‖yv‖2H1 = 2
∫
Ω
y|v(y, z)|2 d(e
y2/4)
dy
dydz
= −2
∫
Ω
(|v|2 + 2yR[v¯∂yv]) ey2/4dydz
≤ 4
∣∣∣∣ ∫
Ω
yR[v¯∂yv]e
y2/4dydz
∣∣∣∣
≤ 4(|yv|, |∂yv|)H1
≤ 4‖yv‖H1‖∂yv‖H1 ,
where we used the Cauchy-Schwarz inequality in the last estimate. Consequently,
‖yv‖H1 ≤ 4‖∂yv‖H1 ≤ 4‖v‖H11 . (23)
Next, the inequality can be extended to all v ∈ H11 by density argument. Therefore, the
sesquilinear form as is well defined for every s ≥ 0 and ∀v, w ∈ H11. To prove the rest of the
proposition we use Theorem 3 which was mentioned above. In our case V = H11 and H = H1.
We show that as(·, ·) satisfies all three assumptions of Theorem 3. First, it is easy to see that
the function s 7→ as(v, w) is continuous on [0,∞), ∀v, w ∈ H11, therefore, it is also measurable
on [0,∞). Furthermore, for s0 ∈ [0,∞) fixed we get:
|(∂yv − σs0∂zv, ∂yw − σs0∂zw)H1 | ≤ (1 + ‖σs0‖L∞(Ω))‖v‖H11‖w‖H11 ,
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where we used the Cauchy-Schwarz inequality and the boundedness of f ′. Next, we again use
the Cauchy-Schwarz inequality and also the inequality (23) from above:
|(yv, σs0∂zw)H1 | ≤ 4‖σs0‖L∞(R)‖v‖H11‖w‖H11 ,
|es0(∂zv, ∂zw)H1 | ≤ es0‖v‖H11‖w‖H11 ,
|(v, w)H1 | ≤ ‖v‖H11‖w‖H11 .
Summing up, we have shown that
|as(v, w)| ≤ C‖v‖H11‖w‖H11 , (24)
for every s ∈ [0, s0] and for all v, w ∈ H11, where C is a constant depending on s0, ‖f ′‖L∞(Ω)
and E1. Finally, we have to show that
R{as[v]} ≥ c1‖v‖2H11 − c2‖v‖
2
H1 (25)
for every v ∈ H11 and a.e. s ∈ [0, s0], where as[v] := as(v, v). We have
R{as[v]} = ‖∂yv − σs∂zv‖2H1 + es‖∂zv‖2H1 − E1es‖v‖2H1 −
1
4
‖v‖2H1 −
1
2
R(yv, σs∂zw)H1 . (26)
For v ∈ C∞0 (Ω) an integration by parts shows that
R(yv, σs∂zv)H1 = 0 (27)
and by density this result can be extended to all v ∈ H11. As a next step, we would like to
estimate the term ‖∂yv − σs∂zv‖2H1 using the trivial inequality (a− b)2 ≥ a2 − 1−b2 :
‖∂yv − σs∂zv‖2H1 ≥ ‖∂yv‖2H1 −

1− ‖σs∂zv‖
2
H1
≥ ‖∂yv‖2H1 −

1− e
s‖f ′‖L∞(R)‖∂zv‖2H1 .
In the next step we use the Poincare´ inequality on (0, d) :
‖∇g‖2L2((0,d)) ≥ E1‖g‖2L2((0,d)), ∀g ∈ H10 ((0, d)), (28)
and the Fubini’s theorem
‖∂yv − σs∂zv‖2H1 + (1− )es‖∂zv‖2H1 ≥ ‖∂yv‖2H1 + es
(
(1− )− 
1− ‖f
′‖L∞(R)
)
‖∂zv‖2H1
≥ ‖∂yv‖2H1 + E1es
(
1− − 
1− ‖f
′‖L∞(R)
)
‖v‖2H1 ,
where the last inequality holds for sufficiently small  such that
(1− )− 
1− ‖f
′‖L∞(R) > 0.
Next, using this inequality, the identity (27) and the trivial bound 1 ≤ es ≤ es0 , ∀s ∈ [0, s0],
we get the estimate for (26), ∀v ∈ H11 and sufficiently small  :
R{as[v]} ≥ ‖∂yv‖2H11 −
[
E1e
s0
(
+

1− ‖f
′‖L∞(R)
)
+
1
4
+ 
]
‖v‖2H1 ,
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where the constant
c1 := 
depends on ‖f ′‖L∞(R) and the constant
c2 :=
[
E1e
s0
(
+

1− ‖f
′‖L∞(R)
)
+
1
4
+ 
]
depends on s0, ‖f ′‖L∞(R) and E1.
Using Theorem 3 we conclude that the unique solution w of (22) satisfies
w ∈ L2((0, s0);H11) ∩ C0([0, s0];H1),
w˙ ∈ L2((0, s0);H−11 ).
Using the fact that s0 is an arbitrary positive number, we obtain the global continuous solution
w ∈ C0([0,∞);H1).
This concludes the proof of Proposition 2.
Remark 1. Using the estimates (24) and (25) we get that the sesquilinear form as is closed
on its domain H11.
Next, we can prove a partial equivalence of evolutions (16) and (22).
Proposition 3. Let w0 ∈ H1 and let w be the unique solution of (22), ∀v ∈ H11 and a.e.
s ∈ [0,∞), subject to the initial condition w(0) = w0, that is specified in Proposition 2. Then
w is also the unique solution of (15), ∀v˜ ∈ H10 and a.e. s ∈ [0,∞), subject to the same initial
condition.
Proof. We choose a test function v(y, z) := K−1(y)v˜(y, z) in (22), where v˜ ∈ C∞0 (Ω) is an
arbitrary function. Recalling the formal computation in (20) it is easy to see that w satisfies
also the equation (16), ∀v˜ ∈ C∞0 (Ω) and a.e. s ∈ [0,∞). By the density argument this result
can be extended to all v˜ ∈ H10.
3.3 Reduction to a spectral problem
As a consequence of the previous subsection, reducing the space of initial data, we can focus
on the asymptotic time behaviour of the solutions of (22). By choosing v := w(s) in (22) and
combining the equation with its conjugate version we get
1
2
d
ds
‖w(s)‖2H1 = −J (1)s [w(s)], (29)
where J
(1)
s [w(s)] = R{as[w]} and w ∈ D(J (1)) := D(as) = H11. Recalling (26) and (27) we
obtain
J (1)s [w] = ‖∂yw − σs∂zw‖2H1 + es‖∂zw‖2H1 − E1es‖w‖2H1 −
1
4
‖w‖2H1 . (30)
Similarly as in Remark 1, using the estimates (24) and (25) we get that the form J
(1)
s is closed
on its domain H11. As a next step, we would like to analyze the coercivity of this form. We
use the spectral bound valid for each fixed s ∈ [0,∞) :
J (1)s [w] ≥ µ(s)‖w‖2H1 , ∀w ∈ H11, (31)
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where µ(s) is the lowest point of the spectrum of the operator T
(1)
s in H1 associated with J (1)s
via the representation theorem (cf. [11, Chapter 6, Theorem 2.1]).
Proposition 4. The operator T
(1)
s is self-adjoint.
Proof. We know that the form J
(1)
s is closed and densely defined, due to the density of H11 in
H1. Using the estimate (25) we see that the form is also bounded from below. Therefore, the
remark follows from the representation theorem (cf. [11, Chapter 6, Theorem 2.6.]).
We take the identity (29), replace −J (1)s [w(s)] by the spectral bound (31) and integrate:
‖w(s)‖2H1 ≤ ‖w0‖2H1e−
∫ s
0 µ(τ)dτ . (32)
We see that we reduced the problem of asymptotic time behaviour of (15) to a spectral
analysis of the family of the operators {T (1)s }s≥0.
Next, we map the operator T
(1)
s in H1 into the unitary equivalent operator T (0)s in H0 via
the unitary transformation U0 : H1 → H0 defined by:
(U0w)(y, z) := K1/2(y)w(y, z) = ey2/8w(y, z). (33)
We define T
(0)
s := U0T (1)s U−10 , which is the self-adjoint operator associated with the quadratic
form J
(0)
s [v] := J
(1)
s [U−10 v], where v ∈ D(J (0)s ) := U0D(J (1)s ). A straightforward calculation
yields
J (0)s [v] = ‖∂yv − σs∂zv‖2H0 +
1
16
‖yv‖2H0 + es‖∂zv‖2H0 − E1es‖v‖2H0 (34)
for all v ∈ D(J (0)s ). Moreover, it is easy to verify that the domain of the form J (1)s is in fact
the closure of C∞0 (Ω) with respect to the norm ‖ · ‖J(0) :=
(‖ · ‖2H0 + ‖∇ · ‖2H0 + ‖y · ‖2H0)1/2 .
We see that the domain D(J (1)s ) is independent of s. Finally, we show that µ(s) is the lowest
eigenvalue of T
(1)
s :
Proposition 5. The operators T
(1)
s ' T (0)s have purely discrete spectrum for every s ∈ [0,∞).
Proof. First, we define the operator L and the corresponding quadratic form
QL[v] := ‖∂yv‖2H0 + ‖∂zv‖2H0 +
1
16
‖yv‖2H0
for all v ∈ D(QL) := D(J (0)s ). Using the fact that the harmonic-oscillator Hamiltonian
l := − d
2
dy2
+
1
16
y2 (35)
in L2(R) (which means the Friedrichs extension of this operator defined on C∞0 (R)) has purely
discrete spectrum:
σ(l) =
{
Dm :=
1
2
(
m− 1
2
)
|m ∈ N
}
, (36)
(cf. for example [9, Chapter 1, Section 2.3]), and the knowledge of the spectrum of −∆(0,d)D :
σ(−∆(0,d)D ) =
{
En :=
(npi
d
)2 | n ∈ N}, (37)
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we get
σ(L) = σ(l) + σ(−∆(0,d)D ) = σdisc(l) + σdisc(−∆(0,d)D ) = {Dm + En | n,m ∈ N}.
Using the minimax principle we have σ(L) = σdisc(L). The discreteness of the spectrum
implies that the operator L has compact resolvent and also that the embedding ι1(
D(QL), (QL[·] + ‖ · ‖2H0)1/2) ι1↪→ (H0, ‖ · ‖H0)
is compact. As a next step, we show that the embedding ι2(
D(J (0)s ),
(
J (0)s [·] + ‖ · ‖2H0
)1/2) ι2
↪→
(
D(QL), (QL[·] + ‖ · ‖2H0)1/2)
is bounded. By repeating the same procedure as in the proof of the estimate (25) for H0 and
H10 instead of H1 and H11, we get
‖∂yv − σs∂zv‖2H0 + es‖∂zv‖2H0 − E1es‖v‖2H0 −
1
4
‖v‖2H0 ≥ c1‖v‖2H10 − c2‖v‖
2
H0
for all v ∈ H10 with c1 =  and
c2 :=
[
E1e
s0
(
+

1− ‖f
′‖L∞(R)
)
+
1
4
+ 
]
.
Therefore, we have
‖v‖2H10 +
1
16
‖yv‖2H0 ≤ C
[
‖∂yv − σs∂zv‖2H0 + es‖∂zv‖2H0 − E1es‖v‖2H0 + ‖v‖2H0 +
1
16
‖yv‖2H0
]
,
where C = max{1/c1, (c2 − 1/4)/c1, 1} and thus ι2 is bounded. By composing the bounded
embedding ι2 and the compact embedding ι1 we obtain ι := ι2 ◦ ι1 :(
D(J (0)s ),
(
J (0)s [·] + ‖ · ‖2H0
)1/2) ι
↪→ (H0, ‖ · ‖H0),
which is therefore also compact. Thus the operator T
(0)
s has compact resolvent and also purely
discrete spectrum for every s ∈ [0,∞).
3.4 Asymptotic behaviour of the spectrum
Next, we need the information about the limit of the eigenvalue µ(s) as the time s tends to
infinity. Using the fact that the function σs converges in the distributional sense to a multiple
of the delta function with support at zero as s → ∞, as in the paper [19], due to the form
of J
(0)
s we expect that the corresponding operator T
(0)
s will converge, in a suitable sense, to
the one-dimensional operator l defined in (35) plus an extra Dirichlet boundary condition in
zero. More precisely, the limiting operator lD is defined as the self-adjoint operator in L
2(R),
where the corresponding quadratic form QlD acts in the same way as the corresponding form
of l, however, it has smaller domain
D(QlD) := {ψ ∈ D(Ql) | ψ(0) = 0}.
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Remark 2. Alternatively, the form domain D(QlD) is the closure of C∞0 (R\{0}) with respect
to the norm
(
‖ · ‖2L2(R) + ‖∇ · ‖2L2(R) + ‖y · ‖2L2(R)
)1/2
.
Due to the fact that the operators T
(0)
s and lD act in different spaces, we decompose the
Hilbert space H0 into the orthogonal sum
H0 = h1 ⊕ h⊥1 ,
where the subspace h1 consists of the functions of the form ψ1(y, z) = ϕ(y)J1(z), where J1
denotes the positive eigenfunction of −∆(0,d)D corresponding to the eigenvalue E1 such that
‖J1‖L2(R) = 1. For all ψ ∈ H0 we have the decomposition
ψ = ψ1 + φ, (38)
where ψ1 ∈ h1 and φ ∈ h⊥1 . Since the mapping pi : ϕ 7→ ψ1 is an isomorphism of L2(R) onto
h1, we may identify any operator l on L
2(R) with the operator pilpi−1 on h1 ⊂ H0. To show
the uniform-resolvent convergence of the operator T
(0)
s to lD we use the following lemma:
Lemma 1 ([4], Lemma A.1.). Let {Ts}s∈R be a family of bounded operators on a Hilbert space
H and let T be a compact operator in H. Suppose that ∀{sn}n∈N ⊂ R, ∀{fn}n∈N ⊂ H such
that
• sn −−−→
n→∞ ∞,
• fn w−−−→
n→∞ f in H,
• ∀n ∈ N, ‖fn‖H = 1
implies
Tsnfn −−−→n→∞ Tf in H.
Then {Ts}s≥0 converges to T uniformly, i.e.
lim
s→∞ ‖Ts − T‖H→H = 0.
Next proposition enables us to use Lemma 1. Due to the fact that we need to use the
Hardy inequality (9), we assume only the non-trivial shear.
Proposition 6. Let f ∈ C0,1(R), f ′ has compact support and f ′ 6= 0. Then ∀{Fs}s≥0 ⊂ H0
such that Fs
w−→ F in H0 and ‖Fs‖H0 = 1 ∀s ≥ 0, we have
lim
s 7→∞ ‖(T
(0)
s + 1)
−1Fs − [(lD + 1)−1 ⊕ 0⊥]F‖H0 = 0.
Proof. The proof is inspired by the proof of Proposition 5.4 in the paper [19]. For any fixed
Fs ∈ H0 and sufficiently large positive number p we set ψs := (T (0)s + p)−1Fs, which means,
that ψs satisfies the resolvent equation
∀v ∈ D(J (0)s ), J (0)s (v, ψs) + p(v, ψs)H0 = (v, Fs)H0 . (39)
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If we choose v := ψs we obtain
‖∂yψs − σs∂zψs‖2H0 +
1
16
‖yψs‖2H0 + es(‖∂zψs‖2H0 − E1‖ψs‖2H0) + p‖ψs‖2H0
= (ψs, Fs)H0 ≤
1
4
‖ψs‖2H0 + ‖Fs‖2H0 =
1
4
‖ψs‖2H0 + 1.
We rewrite the inequality as
‖∂yψs − σs∂zψs‖2H0 +
1
16
‖yψs‖2H0 + es(‖∂zψs‖2H0 − E1‖ψs‖2H0) +
(
p− 1
4
)
‖ψs‖2H0 ≤ 1. (40)
Henceforth we assume that p > 14 . Next, we use the decomposition
ψs(y, z) = ϕs(y)J1(z) + φs(y, z),
where φs ∈ h⊥, which implies
∀y ∈ R, (J1, φs(y, ·))L2((0,d)) = 0.
Now for  ∈ (0, 1) using the orthogonality we obtain
‖∂zψs‖2H0 − E1‖ψs‖2H0 = ‖ϕs∂zJ1‖H0 + ‖∂zφs‖2H0 − E1‖ϕsJ1‖H0 − E1‖φs‖2H0
= ‖∂zφs‖2H0 + (1− )‖∂zφs‖2H0 − E1‖φs‖2H0
≥ ‖∂zφs‖2H0 + [(1− )E2 − E1] ‖φs‖2H0 ,
where E2 =
(
2pi
d
)2
denotes the second eigenvalue of −∆(0,d)D (cf. (37)), and the last inequality
follows from the minimax principle. Since E1 is strictly less than E2 we can choose  so small
that [(1− )E2 − E1] ≥ 0 and use estimate (40):
es[(1− )E2 − E1]‖φs‖2H0 ≤ ‖∂zφs‖2H0 + [(1− )E2 − E1] ‖φs‖2H0
≤ ‖∂zψs‖2H0 − E1‖ψs‖2H0
≤ 1
and thus
‖φs‖2H0 ≤ Ce−s, (41)
where C is a constant depending on d. Similarly we obtain
‖∂zφs‖2H0 ≤ Ce−s, (42)
‖yφs‖2H0 ≤ C, (43)
‖ϕs‖2L2(R) ≤ C, (44)
‖yϕs‖2L2(R) ≤ C. (45)
As a next step, we define a new function us ∈ H0 and new variables (x, z) := (es/2y, z) :
ψs(y, z) = e
s/4us(e
s/2y, z).
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For the form J
(0)
s [ψs] using the Hardy inequality (cf. Theorem 2 and (9)) we get
J (0)s [ψs] = e
s‖∂xus − f ′∂zus‖2H0 +
e−s
16
‖xus‖2H0 + es(‖∂zus‖2H0 − E1‖us‖2H0)
≥ es (‖∂xus − f ′∂zus‖2H0 + ‖∂zus‖2H0 − E1‖us‖2H0)
≥ escH‖ρus‖2H0
= escH‖ρsψs‖2H0 ,
where ρs(y, z) := ρ(e
s/2y, z) and cH is positive. Using the inequality (40) we obtain
‖ρsψs‖2H0 ≤ Ce−s, (46)
where C depends on f ′ and d. Furthermore, for  ∈ (0, 1) we get
‖∂yψs − σs∂zψs‖2H0 + es(‖∂zψs‖2H0 − E1‖ψs‖2H0)
≥ ‖∂yψs‖2H0 + es
∫
Ω
[(
1− 
1− (f
′(es/2y))2
)
|∂zψs(y, z)|2 − E1|ψs|2
]
dydz,
where we used an elementary Young-type inequality in the form 2ab ≤ (1− )a2 + b21− . Using
the Fubini’s theorem and Poincare´-type inequality on (0, d) we obtain∫
Ω
(
1− 
1− (f
′(es/2y))2
)
|∂zψs(y, z)|2dydz
≥ E1
(∫
R
[
1− 
1− (f
′(es/2y))2
]
dy
)(∫ d
0
|ψs(y, z)|2dz
)
.
For  < (1 + ‖f ′‖2L∞(R))−1 the term
∫
Ω
(
1− 1−(f ′(es/2y))2
)
|∂zψs(y, z)|2dydz is positive and
thus we can use previous inequality:
‖∂yψs − σs∂zψs‖2H0 + es(‖∂zψs‖2H0 − E1‖ψs‖2H0) (47)
≥ ‖∂yψs‖2H0 − es

1− E1‖f
′‖2L∞(R)‖ψs‖2L2(Is×(0,d)), (48)
where Is := e
−s/2I ≡ {e−s/2x | x ∈ I} with I := (inf suppf ′, sup suppf ′). Using a simple
estimate
‖ρsψs‖2H0 ≥ minIs ρs‖ψs‖
2
L2(Is×(0,d))
we obtain
‖ψs‖2L2(Is×(0,d)) ≤ C‖ρsψs‖2H0 , (49)
where C depends on I. Finally, from (47)–(48) and (40) we get
‖∂yψs‖2H0 ≤ C,
where C is a constant depending on f ′ and d. Again due to the orthogonality we have separate
bounds
‖∂yφs‖2H0 ≤ C, ‖ϕ′s‖2L2(R) ≤ C. (50)
From the bound (41) we see that φs converges strongly in H0 as s → 0. Moreover, using
also the bound (50) and (43) we see that {φs}s≥0 is a bounded family in D(J (0)s ), which
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implies that there is a subsequence φskn , which converges weakly to zero. Using the strong
convergence we observe that φs converges weakly to zero in D(J (0)s ) as s→∞.
Furthermore, the bounds (44)–(45) and (50) imply that {ϕs}s≥0 is a bounded family in
D(Ql). Therefore, this set is precompact in the weak topology of D(Ql). Next, we denote ϕ∞
as a weak limit of {ϕsn}n∈N in D(Ql), where sn is an increasing sequence of positive numbers.
SinceD(Ql) is compactly embedded in L2(R) (because of the purely discrete spectrum of l), we
may assume that it converges strongly in L2(R). From (46), (47)–(48) and the orthogonality
we get
‖ϕs‖2L2(Is) ≤ Ce−s,
where C depends on f ′ and d. As a next step, we multiply the inequality by es/2 :
es/2‖ϕs‖2L2(Is) = ‖ϕs(e−s/2x)− ϕ∞(e−s/2x)‖2L2(I) + ‖ϕ∞(e−s/2x)‖2L2(I)
+
(
ϕs(e
−s/2x)− ϕ∞(e−s/2x), ϕ∞(e−s/2x)
)
L2(I)
.
If we take the limit s→∞ we obtain
ϕ∞(0) = 0.
Finally, for arbitrary ϕ ∈ C∞0 (R \ 0) (cf. Remark 2) we define v(y, z) := ϕ(y)J1(z) as a test
function and replace s by sn. Using the identity (39) and sending n to infinity, it is easy to
check that
(ϕ′, ϕ′∞)L2(R) +
1
16
(yϕ, yϕ∞)L2(R) + p(ϕ,ϕ∞)L2(R) = (ϕ, Fˆ )L2(R),
where Fˆ (y) := (J1, F (y, ·))L2((0,d)). But it means that ϕ∞ = (lD + p)−1f for any weak
limit point of {ϕs}s≥0. Consequently, ψs converges strongly to ψ∞ in H0 as s → ∞, where
ψ∞(y, z) := ϕ∞(y)J1(z) = [(lD + p)−1 ⊕ 0⊥]F.
Theorem 4. (T
(0)
s + 1)−1 converges to (lD + 1)−1 ⊕ 0⊥ uniformly in H0.
Proof. Since lD has purely discrete spectrum, the operator (lD+1)
−1⊕0⊥ is compact. Finally,
we use Proposition 6 and Lemma 1.
Corollary 1. Let f ∈ C0,1(R), where f ′ has compact support and f ′ 6= 0. Then
lim
s→∞µ(s) = 3/4.
Proof. Theorem 4 implies that µ(s) converges to the first eigenvalue of lD. Since the spectrum
of the operator l is well known (cf. (36)), it is easy to see that the first eigenvalue of lD coincides
with the second eigenvalue of l, in particular 3/4. (The first eigenvector of l does not belong
to the domain D(lD) because it does not satisfy the Dirichlet condition at 0, however, the
second one does).
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3.5 The improved decay rate
Finally, we can prove Theorem 1. Corollary 1 implies that for arbitrary small  > 0 there is
a large s > 0, such that ∀s ≥ s : µ(s) ≥ 3/4− . Thus for fixed  > 0 and ∀s ≥ s we have:
−
∫ s
0
µ(τ)dτ = −
∫ s
0
µ(τ)dτ −
∫ s
s
µ(τ)dτ
≤ −
∫ s
0
µ(τ)dτ − (3/4− )(s− s)
≤ (3/4− )s − (3/4− )s,
where we used in the second estimate the fact that µ(s) is non-negative, which follows from
the positivity of the form J
(0)
s for every s ≥ 0. At the same time, assuming  ≤ 3/4 we obtain
for all s ≤ s
−
∫ s
0
µ(τ)dτ ≤ 0 ≤ (3/4− )s − (3/4− )s.
Using (32) we get ∀s ∈ [0,∞)
‖w(s)‖H1 ≤ Ce−(3/4−)s‖w0‖H1 , (51)
where C := e
s ≥ e(3/4−)s . As a next step, we return to the original variables (x, z, t) (recall
that w0 = u0). Using the unitarity of the self-similar transformation and the point-wise
estimate K = ey
2/4 ≥ 1 we obtain ∀t ∈ [0,∞)
‖u(t)‖H0 = ‖w(s)‖H0 ≤ ‖w(s)‖H1 ≤ C(1 + t)−(3/4−)s‖u0‖H1 .
Finally, because the weight K = ey
2/4 depends only on the longitudinal variable, it is invariant
by the mapping L (cf. (6)). We conclude with
‖S(t)‖L2(Ω,K)7→L2(Ω) = sup
u0∈L2(Ω,K)\{0}
‖u(t)‖L2(Ω)
‖u0‖L2(Ω,K)
≤ C(1 + t)−(3/4−),
for every t ∈ [0,∞). Since we can choose  arbitrary small we get Γ(Ωf ) ≥ 3/4.
3.6 The improved decay rate - an alternative statement
Main Theorem 1 tells us that the extra polynomial decay rate of solution u of (1) in a locally
sheared strip is at least three times better that in the straight strip. However, there is no
control over the constant in (5). In this subsection we present an alternative result, where we
get rid of the constant CΓ but we also loose a qualitative knowledge about the decay rate:
Theorem 5. Let f ∈ C0,1(R), where f ′ has compact support. Then for every t ≥ 0
‖S(t)‖L2(Ωf ,K)7→L2(Ωf ) ≤ (1 + t)−(γ+1/4), (52)
where γ ≥ 0 depending on f ′ and d. Moreover, γ is positive if and only if Ωf is sheared.
In the setting of self-similar solutions (cf. (12) and (32)) we have to show that µ(s) ≥ 1/4
for both sheared and straight strip. Thus it is natural to study the shifted operator T
(0)
s −1/4.
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However, it is not obvious from (34) that such an operator is non-negative. We introduce
another unitary transformation U−1 : H0 → H−1, which acts in the same way as U0 :
(U−1v)(y, z) := K1/2(y)v(y, z). (53)
Next, we introduce the self-adjoint operator T
(−1)
s in H−1 via the unitary transformation (53)
T (−1)s := U−1T (0)s (U−1)−1.
The operator T
(−1)
s is associated with the quadratic form J (−1)s [w] := J (0)s [(U−1)−1w], where
w ∈ D(J (−1)s ) := U−1D(J (0)s ). Again it is straightforward to check that
J (−1)s [w] = ‖∂yw − σs∂zw‖2H−1 + es‖∂zw‖2H−1 − E1es‖w‖2H−1 +
1
4
‖w‖2H−1 (54)
for every w ∈ D(J (−1)s ). Now it is easy to see from the structure of the quadratic form that
the shifted operator T
(−1)
s − 1/4 is non-negative. Moreover, it is positive if and only if the
strip is sheared.
Proposition 7. Let f ∈ C0,1(R), where f ′ has compact support. If f ′ 6= 0, then µ(s) > 1/4
for all s ∈ [0,∞). On the other hand, in the case f ′ = 0 we have µ(s) = 1/4 for all s ∈ [0,∞).
Proof. Using (54) we get J
(−1)
s [w]− 14‖w‖2H−1 ≥ 0 for every w ∈ D(J
(−1)
s ) and therefore, using
the minimax principle we obtain µ(s) ≥ 1/4 for both sheared and straight strip.
If the strip is not sheared, then σs is identically zero in R for all s ∈ [0,∞). Choosing
w(y, z) = J1(z), where J1 is again the first eigenvector of −∆(0,d)D corresponding to the
eigenvalue E1, we get for straight strip
J (−1)s [J1] = +es‖∂zJ1‖2H−1 − E1es‖J1‖2H−1 +
1
4
‖J1‖2H−1 =
1
4
‖J1‖2H−1 .
Using again the minimax principle we get µ(s) ≤ 1/4.
It remains to show that µ(s) = 1/4 implies that the strip is straight. Recalling the
minimax principle we have
1/4 = µ(s) = min
w∈D(J (−1)s )\{0}
J (−1)s [w]
‖w‖H−1
. (55)
Using the Poincare´ inequality on (0, d) (cf. (28)) and the Fubini’s theorem we have
‖∂zw‖2H−1 ≥ E1‖w‖2H−1
for every w ∈ D(J (−1)s ). Therefore, the minimum (55) is attained by w ∈ D(J (−1)s ) satisfying
‖∂yw − σs∂zw‖2H−1 = 0 ∧ ‖∂zw‖2H−1 − E1‖w‖2H−1 = 0. (56)
Next, we use the decomposition w(y, z) = ϕ(y)J1(z) + φ(y, z) (cf. (38)). Therefore, the
second equality in (56) implies that φ = 0. The first equality is then equivalent to
‖ϕ˙‖2L2(R,K−1)‖J1‖2L2((0,d)) + ‖σsϕ‖2L2(R,K−1)‖∂zJ1‖2L2((0,d)) = 0,
and thus ϕ must be a constant and
‖σs‖2L2(R,K−1) = 0.
The last equality implies that f is a constant and thus the strip is not sheared.
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Now we are able to prove Theorem 5.
Proof of Theorem 5. Using Proposition 7 and Corollary 1 we have
γ := inf
s∈[0,∞)
µ(s)− 1/4
is positive if and only if Ωf is sheared. In any case (32) implies
‖w(s)‖H1 ≤ ‖w0‖H1e−(γ+1/4)s
for every s ∈ [0,∞). Using this estimate instead of (51) and using the same procedure as in
Subsection 3.5 below (51) we obtain
‖S(t)‖L2(Ω,K)7→L2(Ω) ≤ (1 + t)−(γ+1/4)
for every t ∈ [0,∞). This is equivalent to (52) and γ is positive if and only if Ωf is sheared.
4 Conclusion
In this paper we proved Conjecture 1 of [19] in the case of locally sheared unbounded strips
introduced in [2]. More specifically, we showed that the decay rate of the heat semigroup
corresponding to the Dirichlet Laplacian in the unbounded sheared strips is at least three
times better that in the case of the straight strip. The important ingredient in our proof was
the existence of a geometrically induced Hardy inequality established in [2].
Using the stochastic interpretation of the heat equation, our results demonstrate that
the expectation lifetime of the Brownian particle is made shorter by shearing the strip. The
same conclusion can be made for the effectiveness of the temperature cool down of a classical
medium enclosed in the sheared strip. Finally, the heat equation is important for understand-
ing quantum systems as well, despite the dynamics is intrinsically governed by the Schro¨dinger
equation (cf. [23]).
We conjecture that the inequality of Theorem 1 can be replaced by equality (i.e. Γ(Ωf ) =
3/4 if f ′ 6= 0), for the decay rates obtained by self-similarity transforms are known to be
sharp in other circumstances (cf. [6,24]). An alternative approach to the improved decay rate
is given by the pointwise estimates for the heat kernel performed in [10] and it is expected
that the same can be done for the present model too.
Throughout the paper we assumed that f ′ has compact support. We expect that this
hypothesis can be replaced by a vanishing of f ′ at infinity to get Theorem 1 and Theorem 5.
This assumption is known to be enough to ensure the existence of Hardy inequality. However,
it is possible that a slower decay of f ′ at infinity will make the effect of shearing stronger. In
particular, is it possible that Γ(Ωf ) is strictly greater that 3/4 if the strip is sheared and f
′
tends to zero very slowly at infinity? A different situation will appear if f ′ does not vanish
at infinity. Then the spectrum of the Dirichlet Laplacian can start strictly above E1 (cf.
[2, Theorem 1]) and thus there can be even an extra exponential decay rate for the heat
semigroup. In this case, it is again more natural to study a sub-exponential decay rate for
the semigroup shifted by the lowest point in its spectrum. Similar spectral-geometric effects
have been recently observed in tubular geometries with globally and asymptotically diverging
twisting [1, 3, 12, 13, 15, 17, 18] and the study of the associated heat equation constitutes a
challenging open problem.
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